Abstract. Recent literature [7, 10, 11, 9, 13, 17] provides a number of results regarding uniqueness aspects of motion fields and exact image displacements due to 3-D rigid motion. Here instead of the full motion field we consider only the direction of the motion field due to a rigid motion and ask what can we say about the three-dimensional motion information contained in it. This paper provides a geometric analysis of this question based solely on the fact that the depth of the surfaces in view is positive (i.e. that the surface in view is in front of the camera). With this analysis we thus offer a theoretical foundation for image constraints employing only the sign of flow in various directions and provide a solid basis for their utilization in addressing 3D dynamic vision problems. For two different rigid motions (with instantaneous translational and rotational velocities (tl,wl) and (t2, w2)) to yield the same direction of the flow, the surfaces in view must satisfy certain inequality and equality constraints, called critical surface constraints. A complete description of image areas where the constraints cannot be satisfied is derived and it is shown that if the imaging surface is a whole sphere, any two motions with different translation and rotation axes can be distinguished using only the direction of the flow. In the case where the imaging surface is a hemisphere or a plane, it is shown that two motions could give rise to the same direction of the flow if (tl x t2) 9 (wl x w2) ---0 and several additional constraints are satisfied. For this to occur, the surfaces in view must satisfy all the critical surface constraints; thus at some points only a single depth value is allowed. Similar results are obtained for the case of multiple motions. Consequently, directions of motion fields are hardly ever ambiguous.
Introduction and Motivation
The basis of the majority of visual motion studies has been the motion field, i.e., the projection of the velocities of 3D scene points on the image. Classical
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The difficulties involved in the estimation of optical flow have recently given rise to a small number of studies considering as input to the visual motion interpretation process some partial optical flow information. In particular the projection of the optical flow on the gradient direction, the so-called normal flow [6, 12] , and the projections of the flow on different directions [1, 3, 4] have been utilized. In [3] constraints on the sign of the projection of the flow on various directions were presented. These constraints on the sign of the flow were derived using only the rigid motion model, with the only constraint on the scene being that the depth in view has to be positive at every point--the so-called "depthpositivity" constraint. In the sequel we are led naturally to the question of what these constraints, or more generally any constraint on the sign of the flow, can possibly tell us about three-dimensional motion and the structure of the scene in view. Thus we would like to investigate the amount of information in the sign of the projection of the flow. Since knowing the sign of the projection of a motion vector in all directions is equivalent to knowing the direction of the motion vector, our question amounts to studying the relationship between the directions of 2D motion vectors and 3D rigid motion.
The 2D motion field on the imaging surface is the projection of the 3D motion field of the scene points moving relative to that surface. We use a coordinate system OXYZ fixed to the camera. The center of projection is at the origin and the image is formed on a sphere with radius 1. A scene point R is projected onto an image point r = R/]RI, where ]R] is the norm of the vector It.
Suppose the observer is moving rigidly with instantaneous translation t = (U, V, W) and instantaneous rotation w = ( a, ~, 7). The well-known equation for the motion field at point r is 
I~1 I~1
The first term Vtr(r) corresponds to the translational component which depends on the depth Z = ]RI, the distance of R to the center of projection. The direction of Vtr(r) is along great circles (longitudes) pointing away from the Focus of Expansion (t) and towards the Focus of Contraction (-t). The second term Vrot(r) corresponds to the rotational component which is independent of depth.
Its direction is along latitudes around the axis of rotation (counterclockwise around ~ and clockwise around -w).
As can be seen, even from exact optical flow, without additional constraints there is an ambiguity in the computation of shape and translation. It is not possible to disentangle the effects of t and ]R], and thus we can only derive the direction of translation. If we only consider the sign of optical flow, in addition we are also restricted in the computation of the rotational parameters. If we
